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ABSTRACT 
  

There is an issue regarding students' consistency in completing 

geometry assignments, as indicated by several research findings 

and assessments. Diagnosing how students integrate concepts in 

the conceptual design and understanding the reasons behind 

their inconsistency in completing assignments are the main 

focuses of this case study. This research was conducted with 58 

high school students in Tanjungpandan, Indonesia. The data were 

obtained from students' answers to problems of the three initial 

levels of geometry thinking and retrospective reports about their 

answers. The data were analyzed based on three phases: the 

concept-eliciting and integrating phase, the relationship-eliciting 

phase, and the relationship-integrating phase. The study revealed 

that students' performance in geometry analysis aligned with the 

epistemological concept issue. Visual objects garnered the most 

attention from students, leading to their analysis techniques 

being primarily object-oriented. Some stages of property analysis 

were skipped, causing students to make claims about objects of 

thought when they should have been establishing relationships 

between properties to classify shapes through rigorous geometry 

analysis. Numerical computation remains an essential aspect of 

geometry analysis. The conceptual design has not yet reached the 

abstraction stage, resulting in experiments to solve problems not 

always yielding the correct solutions. In education, this highlights 

the need for a deep understanding of concept epistemology, 

efficient concept integration, and the cultivation of abstract 

thinking skills. 
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INTRODUCTION 

Geometry in school studies topics such as points, lines, and planes, including their potential extension 

into three-dimensional space. Geometry has a fundamental function, which is to develop competencies in 

relating language, thought and abilities in building up rigorous reasoning (Mammana et al., 2012). In the 

curriculum of Indonesian senior high school mathematics education, geometry is one of the content 

elements that addresses the shapes of plane figures and three-dimensional structures, both in Euclidean and 

Non-Euclidean studies, as well as their characteristics in the sub-elements of plane geometry and spatial 

geometry (Kemdikbudristek, 2022). In the study of three-dimensional geometry, students are expected to 

master the material on the distance between two points, points and lines, as well as points and planes. This 
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ability plays a crucial role in laying the foundation for learning vectors (F. Alghadari & Herman, 2018), or 

developing skills in the field of science (Romenskyy et al., 2020; Sahaf et al., 2021; Wu et al., 2023). 

In the context of learning three-dimensional geometry in high school, some research findings state 

that: (1) the instructional media using PowerPoint accompanied by developed Visual Basic for Applications 

has been deemed valid and practical, demonstrating a potential impact on students' cognitive abilities in 

three-dimensional geometry (Marfuah et al., 2016; Retta & Fitriasari, 2022); (2) the learning model with the 

syntax of engagement, exploration, explanation, elaboration, and evaluation with a scientific approach shows 

better students’ achievement in learning geometry compared to problem-based learning or direct learning 

(Paryatun et al., 2016); (3) most of the students' difficulties arise from insufficient attention to notation and 

issues of calculation accuracy, that after the implementation of the think-pair-share learning approach, so 

students' mathematical communication reaches proficiency, improves, and is significantly better compared to 

the expository learning group (Haryanti, 2018); (4) The use of the GeoGebra application has significantly 

enhanced or influenced the learning outcomes in three-dimensional geometry (Nur et al., 2023; Yuliani et al., 

2021). All of that is based on data and have been convinced on the basis of their respective analyzes result 

that geometry achievement of students in secondary schools is better. 

On the other hand, the low achievement of geometry in schools has become a critical issue in 

mathematics education research in the world (Hock et al., 2015). In Indonesia, the mathematics achievement 

of 15-year-old students in the 2018 PISA survey is at a score of 379, below the OECD average (489), only 28% 

of students in Indonesia at least they can interpret and recognise, without direct instructions, how a (simple) 

situation can be represented mathematically, and students have shown relatively stable performance in 

mathematics since 2009 (OECD, 2019). One of the other reports, the results of the 2019 national examination 

assessment by the educational assessment center (Pusat Penilaian Pendidikan, Puspendik, 2019) that the 

percentage of students of science and social studies programs can correctly answer geometry questions, 

each reaches 34.59% and 21.82%, of the total number of students in each program. According to the report, 

it was noted that: (a) science program students who were able to correctly answer the geometry problem 

with indicators determining the distance of points to lines in the cube were 30.85%, (b) science program 

students who were able to determine the distance of points and plane in the cube were 49.50%, (c) students 

of social programs who can answer correctly about geometry with an indicator showing the distance 

between points to the plane of a building is 29.56%, and (d) students of social programs can determine the 

length of diagonal on solid is 33.87%. Meanwhile, according to the national assessment data in 2022, It is 

known that the percentage of secondary school students achieving the minimum numeracy competency is 

40.63% at the junior high school level, showing an increase of 3.79%, and 41.14% at the senior high school 

level, with an improvement of 5.98% from the previous year (Kemdikbud, 2023). 

The achievement of Indonesian high school students in geometry, according to survey results and 

several research studies, has been found to be not compatible with each other. This indicates the relevance 

and inconsistency of students in completing geometry task. Because of the problem of consistency, there is a 

certain part of relevance between students’ concept knowledge, abilities, and learning processes that should 

be considered for their cognitive activities in class geometry (Fiki Alghadari et al., 2020; Isnawan et al., 2022; 

Noor & Alghadari, 2021a), including representation of 3D shapes, spatial structuring, conceptualization of 

mathematical properties, and measurement (Pittalis & Christou, 2010). Therefore, some researchers have 

recommended the need for an analysis of how students conceptualize problem solving to explain the 

phenomena of cognitive restructuring and conceptual reorganization when they engage in complex domains 

that describe problem solving behavior and affect their performance (Biccard, 2018; Suwa, Gero, & Purcell, 

1998; Yee, 2017). 

The task of diagnosing learning problems in students is fundamental and crucial to improve their 

learning achievements (Hwang et al., 2012; Nurhikmayati et al., 2022). Various studies have been conducted, 
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such as Isnawan et al. (2022), who explored the inconsistency in the meaning of fractions and the use of 

fractional representation models due to limitations in understanding, thus hindering students' opportunities 

to comprehend other meanings. The study by Nurhikmayati et al. (2022) on learning obstacles found that the 

definition of the concept of geometric transformation is inconsistently interpreted due to students' 

understanding of the concept or the presence of cognitive conflicts. Lin et al. (2004) investigated 

inconsistencies about students' reasoning, proving, and understanding proof in number patterns, indicating 

that students need to develop skills to connect heuristic ideas and procedural ideas to formal proofs by 

adhering to logical steps and correct mathematical procedures. However, based on the available literature to 

date, we could not find research that primarily focuses on students' inconsistencies in solving geometry 

problems, particularly in three-dimensional figures. 

Solving problems is conducted with new knowledge by constructing representations that bridge the 

initial and goal states (Ward, 2012). Solving a problem is the same mean to schematizing concepts and 

component of information from the initial and goal states. Information on initial and goal states is 

conceptualized so that binding and connecting bonds are characterized by the emergence of conceptual 

tools as an appropriate solution (Biccard, 2018; Lesh & Harel, 2003). The solution is the goal of conceptual 

design in solving problems (Alghadari et al., 2020; Dossey, 2017). Guarino, Oberle, and Staab (2004) states 

that the conceptualization process is about what is conceptualized for a purpose. Thus, solving problems is a 

way to conducted new knowledge which is constructed through the conceptualization process (Dossey, 2017; 

Fauskanger & Bjuland, 2018; Simon, 2017; Ward, 2012). When students have problems with the 

conceptualization process, problem solving abilities become inconsistent due to the complexity of cognitive 

ability to process conceptual knowledge (Noor & Alghadari, 2021b; Yee, 2017). That can happen because 

there is a basic knowledge whose construction is not complete, or the conceptual knowledge is complete but 

there is a misconception (Rahayu & Alghadari, 2019; Rosilawati & Alghadari, 2018). As a result, students are 

disrupted in solving problems, advanced knowledge is difficult to be developed through problem solving 

activities (Veloo, Krishnasamy & wan Abdullah, 2015). Therefore, this research was conducted to study the 

process of solving students' geometry problems. How the conceptual design they do (research question, 

RQ1), how the concept is integrated for completion (RQ2), and why students are inconsistent in solving 

geometry problems (RQ3), are some of the study questions. 

 

METHODS 

This research was conducted using a case study perspective based on Edmonds and Kennedy's (2016) 

model, which investigates students' conceptualization processes in solving problems for various geometry 

tasks. The studied cases are in: (1) conceptual design, (2) concept integration, and (3) inconsistency modeling, 

through three test items that will be completed by the students. Three items of geometry problems were 

prepared based on the three initial levels of van Hiele’s thinking namely visualization, analysis, and 

abstraction. Students complete the test with pen and paper. They also write down their reasons for 

retrospective reports about the answers made as a form of epistemological clarification, which as a 

benchmark of a description of the conceptualization process that they do. 

Students' Participants 

There were a total of 58 social program students at Tanjungpandan Public High School involved in this 

study. These students gave their responses to geometry problem. The data we need pertains to students' 

responses to problems that depict the problem solving process and are related to consistency issues in the 

solution process. Therefore, the focus of our attention is on the source of the problem for students in the 

process of solving that they consistently do in conceptualization. We analyzed a set of data, paying attention 

to reduce redundancy due to the similarities in the problem solving processes students employed (the similar 

model answer), and ultimately identified three students whose responses generally met the criteria. Three 



Alghadari et al. 

 

30 

students come from a rural area very far from the center of the capital city so that the results of the study can 

also illustrate the problem of equal distribution of student ability levels based on secondary level education 

units. Their names are initials with AD, AL, and GD. They are the final level students in preparation for the 

final stage of Education exams that will be carried out using a computer-based test but the process of 

completing the task is not software-assisted. They have learned geometry in building space. They are all male 

students and do not conflict with the results of the study that the achievements of male students are more 

than female (Alghadari & Herman, 2018). We use a sample from one of the sex categories because aside 

from rarely encountering spatial issues in solving problems that involve three-dimensional models such as 

cubes or pyramids, their response to the problem also meets the required data criteria. 

Instrument Specification 

In the high school mathematics education curriculum, students learn three-dimensional material about 

the distance between: two points, points and lines, as well as points and the plane. They have accepted the 

definition of the distance between two geometry elements to note that it is the closest distance between the 

two elements in question. The instrument used is the problem of geometry in three-dimensional shapes 

which are prevalent as models in assignments and in final student assessment exam questions. In this study, 

we employed three geometry problems within the context of three-dimensional figures, each representing 

one of the three levels of van Hiele. (van de Wall dkk., 2017; Hock dkk., 2015; Herbst dkk., 2017; Alghadari, 

Herman & Prabawanto, 2020), namely visualization, analysis, and abstraction, were specified with objects and 

products of thought, aligning with the levels of geometry task indicators in Puspendik (2019). The 

specifications of the three problems are as follows. 

At the visualization level, since the question pertains to the distance between the line AE and the plane 

BDHF, the objects of thought are the geometric planes within the mental representation of the cube 

ABCD.EFGH. Based on the definition of the distance between two geometric elements, in reasoning to answer 

this question, students have the opportunity to consider other objects such as: the plane ACGE because it 

includes AE, AO, and EP; the plane ABCD because it includes AO; or the plane EFGH because it includes EF. 

Based on these planes and referring to Van de Walle et al. (2017) that the products of thought at this level 

were classified as a class of shapes, so that some products of thought are the planes BDHF and ACGE as the 

rectangles, while ABCD and EFGH as the squares. 

At the analysis level, the objects of thought are squares and rhombi, each displayed on the mental 

representation screen of the cube or prism. The quadrilateral planes constitute a class of shapes. There are 

numerous line segments on the cube and prism with positions parallel to others that are contained in 

squares or rhombi. The students have the opportunity to analyze various comparisons to identify the 

differences between the two figures. For example, the line segment AC in square ABCD is parallel to the line 

segment EG in square EFGH, or the line segment AC is parallel to the line segment EG in rectangle ACGE, and 

their distance is AE or CG in the cube ABCD.EFGH, compared to the line segment KM in rhombus KLMN 

parallel to the line segment OQ in rhombus OPQR, or KM parallel to OQ in rectangle KMQO, and their 

distance is KO or MQ in the prism. In the figures, it is known that AE and CG are of the same length as KO 

and MQ, but AC and GE are not of the same length as KM or OQ. In other words, the distances between the 

parallels are the same, but their lengths are different. This difference in length is a property of shape between 

the diagonals in a square and the diagonals in a rhombus. According to Van de Walle et al. (2017), this 

property of shape is a product of thought. 

At the abstraction level, the objects of thought are properties of shape, while the products of thought 

are relationships between those properties (Van de Walle et al., 2017). For example, some properties of shape 

that become objects of thought are QR perpendicular to TC in triangle TQC, P in the middle of TD, and in the 

middle of BD in triangle TBD. Based on these properties of shape, the product of thought in triangle TQC is 

the comparison of the area of the triangle between QC as the base with TQ as the height and TC as the base 



International Journal of Educational Innovation and Research 

 

31 

with QR as the height. Meanwhile, the product of thought in triangle TBD is the comparison of the lengths 

DP and PQ equal to DT and TD. Furthermore, the distance from P to QR is the relationship in triangle PQR 

with its height, and it is also a product of thought. 

 

Category Questions 

Visualization Observe the cube ABCD EFGH. 

A B

CD

E F

GH

O

P

 
What line segment represents the distance between line AE and the plane BDHF? Why? 

Analysis Figure (a) is the cube ABCD EFGH. Figure (b) is the prism with a rhombus base KLMN OPQR. 

The length of all edges in both Figure is the same. 

A B

D C

E F

GH

 
K L

N M

O P

QR

 
(a) (b) 

How do the two Figure above differ in terms of the distance between two parallel lines? Why? 

Abstraction Given that a square pyramid T.ABCD with equal sides AB=BC=CD=DA=4cm. The lengths of all 

the slant edges of the pyramid are 2√6cm. Q is the intersection of AC and BD, P is in the 

middle of TD, and R is on TC such that QR is perpendicular to TC. What is the distance 

between P and QR? 

T

A B

D C

P

Q

R

 
 

Data Analysis 

Firstly, identify data based on the three phases of the learning problem diagnosis model suggested by 

Hwang et al. (2012), that is: (1) the concept of eliciting and integrating phase [Type A], (2) the relationship-

eliciting phase [Type B], and (3) the relationship-integrating phase [Type C]. The process of designing 

conceptual of completion by students was diagnosed based on these three phases for each geometric 

thinking level, resulting in the classification of students in each respective phase. Secondly, systematizing the 

problem solving process and investigating the reasons in the retrospective report from students classified as 

Type A, Type B, and Type C, thus selecting student responses that represent making conclusions regarding 

the research questions. Thirdly, identifying differences in conceptual designs based on the systematics of 

completion for consideration of the variations in integrated concepts. Guarino et al. (2004) state that 
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conceptualization is expressing the shared views of several parties and consensus rather than individual 

views. Quoting the statement, this study is analyzed using constant comparative techniques, which are 

comparing processes in the cases of students. Critical comparisons are made on the writing of students 

themselves and others to find relationships between processes and patterns of concept integration. Analysis 

of integration patterns not only on given concepts but also relevant concepts for applying to solve. The case 

findings on integration patterns are part of the problem of consistency. Fourth, mapping inconsistency 

points. 

 

RESULTS AND DISCUSSION  

The variety of student responses to geometry problems, the classification results based on the phases 

of Hwang et al. (2012) are: (a) there were problems with the concept eliciting and integrating phase [Type A], 

(b) there were problems with the relationship-eliciting phase [Type B], and (c) there were problems with the 

relationship-integrating phase [Type C], presented in Table 1. 

  

Table 1. Classification of student responses based on type 

Type Visualization Analysis Abstraction 

A - 26 31 

B - 3 8 

C - 3 4 

 

Table 1 shows the number of student responses encountering difficulties in geometry problems at the 

analysis and abstraction levels, with the highest number at the abstraction level (43 dari 58 orang). The 

classification results did not find problem types at the visualization level. This analysis also indicates that the 

higher the hierarchy level, the more potential there is to increase the number of students experiencing 

problem types. These findings also confirm the existence of hierarchical levels in the van Hiele theory. The 

five hierarchical levels of geometric thinking according to the van Hiele theory are visualization, analysis, 

abstraction, deduction, and rigor (Hock et al., 2015; Herbst et al., 2017; Alghadari, Herman & Prabawanto, 

2020). Furthermore, the higher the hierarchy level, the more potential there is to identify inconsistencies in 

students' approaches to geometry problems. 

Next, several subsections are grouped and the description begins about how students respond to the 

three geometry problems. Based on these responses, illustrated about the conceptualization process of each 

geometry problem (about RQ1), there is information and concepts at the initial and goal state in the 

integration of conceptual knowledge, and structuring information schemes will lead students to find 

concepts that can be integrated to solve problems (about RQ2). A geometry problem solved with an 

inaccurate process and completion, then the potential is the inconsistency of students solving problems as in 

the process and then in the process of solving problems that involve the process of thinking geometry at the 

next level (about RQ3). 

Description of Students' Responses to Geometry Problems 

At the level of the visualization problem, all students do not show any obstacles they experience in 

their completion. They can correctly answer the problem at this level. Two students, AL and GD, answered 

that line AO represented the distance between line AE and plane BDHF. A student, AD, answers differently in 

that point R represents line AE and point Q represents plane BDHF, so the distance between AE and BDHF is 

RQ. They all reasoned that the distance represented according to each answer was the shortest line segment 

because AO or RQ (AD’s perspective) was perpendicular to AE and BDHF. 



International Journal of Educational Innovation and Research 

 

33 

At the analysis level of geometry thingking problem, one student, GD, did not provide an answer to 

the analysis level geometry problem [Type A]. AL responds that AC=BD but KM≠LN. There is another 

response written by AL, namely: the angles on the side of the cube are always right angles while in the prism 

it is not so, if for example O is the intersection point of AC and BD and KM and LN then the isosceles triangle 

AOB is while KOL is arbitrary. It is true that it is an isosceles triangle and is arbitrary but AL does not seem to 

realize that both triangles are right triangles [Type C]. While the response from AD is AC≠KM. Another 

response written by AD is about the difference in the diagonal length of the space and the angle of the two 

shapes [Type B]. 

In the abstraction level geometry problem, the initial state in the above geometry problem has been 

given in the form of information about pyramid T.ABCD. Whereas the goal state is the distance between 

point P and line QR. The problem is measures such as QR, PQ, and PR. The problem formation is the one 

based on the three. In the initial stages, all students have started the same steps. They start by paying 

attention to triangle QTC. Triangle QTC is one of the geometry transformations for the object of analysis. 

They know all the lengths of the three sides of the triangle and find relationships between properties so that 

they can determine the distance between Q and R with numerical calculations. In the second stage, they 

focus their gaze to find the distance between P and Q. This second stage begins to separate their steps. 

GD plans to solve this geometry problem involving triangles of QTC, TPQ, and QPR. Through triangle 

QTC, GD precisely determines the length of QR. Then GD switches to triangle TPQ to calculate PQ. GD 

realizes that TP is half of TD but the information he uses is wrong because the size of TD is not equal to 62  

but 4 [Type A]. The next mistake is that GD claims that triangle TPQ is a right triangle at P so he applies the 

Pythagorean theorem to calculate PQ. Then GD looked at triangle QPR, but at the triangle that the length of 

is not yet known PR, there is no continuation about the calculation of PR so that the completion process is 

finished. 

AL plans to solve the problem involving triangle QTC and triangle POQ. In the triangle POQ where PO 

is perpendicular to QR, where PO is perpendicular to QR and claims that QO is half QR then AL claims that 

PQ=QR [Type C]. With several claims by AL so he can apply the Pythagorean theorem to calculate the 

distance between P and QR. There are not many triangles involved by AL in the distance calculation plan but 

there are many claims made so that in the process of completion there are some errors.  

AD plans to solve this problem of geometry abstraction by involving four triangles, namely: triangle 

QTC with a right angle at Q, triangle TQD with a right angle at Q, triangle RPT with an unwarranted claim that 

the right angle at P, and triangle QPR the claimed as an isosceles triangle where PQ=QR. After finding the 

distance between R and Q through triangle QTC, AD plans to calculate PQ by paying attention to triangle 

TQD. Although it is not wrong with the length of QD, an error occurs when AD states TD and TQ [Type B], so 

that it looks the same between triangles TCQ and TQD. Without doing the calculations, AD concludes that 

QP is equal to QR and isosceles triangle QPR is. There is an initial position of the error. In addition, claims on 

triangle RPT and errors on the length of RT and PR so that the problem solving arranged by AD is not in the 

right calculation path. Because there are errors so the next analysis certainly brings these errors and it can be 

stated that the geometry problem solving by AD is not right. 

Conceptual Design in Problem Solving 

Cases at the visualization level, two students design a solution of objects, concepts, and entities by 

determining the line segment that intersects the edge and a diagonal plane of the cube. After that interpret 

that the line segment is perpendicular to the two elements of the cube. The conceptualization technique is an 

object-oriented approach. While one other student drew up the solution, state it as the second 

conceptualization technique, by defining two notations and the position of the points, each one point on the 

edge and one point on the diagonal plane of the cube. Next, unite the two points with the line segments in 
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the visual model of the cube with additional symbols to indicate that the line segments are perpendicular to 

the edge of the cube and diagonal plane. The second conceptualization technique bases its conceptual 

design with a sketch approach. The goal state of each student on this level of visualization problem may be 

the same but in the findings of this study that there are differences in the techniques of the three students in 

the conceptualization design. Line segments that represent the distance between lines and their specified 

plane with points whose notations are not the same. The dot notation is different but determined from the 

same visual object, it will result in the emergence of different solutions (Herbst et al., 2017). Different 

solutions do not always make the wrong solution when all concepts of the core and goal states are 

integrated in the right way (Van de Walle et al., 2017).  

According to students' responses to geometry problems at the analysis level, their conceptual 

technique is to compare geometric elements in the plane forming visual objects. This is a technique with an 

object-oriented approach. Objects in student orientation are planes on the sides of the cube and prisms. The 

area that is the focus of their attention is the second base to build the space. They think about the difference 

in shape due to the geometry elements of the two visual objects. Al-shehri, Al-Zoubi, and Rahman (2011) and 

Herbst et al. (2017) stated that geometry thinking starts by paying attention to shapes, followed by analyzing 

the properties of properties, then understanding the relationships between different shapes, and finally 

reaching conclusions. The geometry elements in the base plane of the cube and the prism are the source of 

object differentiation in the conceptual problem of geometry at this level of analysis. In this case, students do 

not show their greater attention to the concept of the position of parallel lines which should always be 

involved in their conceptualization design. Even though the parallel lines loaded by the cube and the prism 

are geometric elements, which conceptually should start focusing the attention of students, to design 

solutions before they compare the differences or similarities of representation of the concept of the problem. 

Students pay more attention to the geometry elements on the base. 

Cases at the abstraction level, there are four stages to be processed generally. The conceptual design 

formation is the first 3 stages parallel to one final stage. Xin (2008) calls it a problem scheme which is about a 

group of problems that share a common underlying structurer requiring a similar solution. In other words, 

the final stage will be able to be implemented by students after they have succeeded in the three previous 

stages. Each stage, students will analyze the geometric shapes of different types. Simon (2017) states that 

different concepts can be determined from the same mathematical relationship. All three students have 

begun their completion through the same initial stages. But there are differences in design and 

conceptualization techniques at a later stage. Each student directs the design based on the analysis of 

different geometric objects but ultimately converges on the same object. The convergence of investigative 

activities is about where to start and how to proceed. Different geometric shapes have been the focus of 

attention of each student in his investigation. The focus of student analysis was on triangles. Yilmaz and 

Argun (2017) state that abstraction is a construction process that in mind involves the provision of 

relationships between geometric objects and turns these relationships into specific, independent expressions. 

Based on the triangular shapes at the focus of student analysis, the conceptual design is made by each 

student in several stages of analysis. The shapes analyzed by the three students were right triangles and 

scalene triangles. The involved concepts refer to objects of thought, such as the properties of a triangle with 

its altitude lines In this case, students are thinking to simultaneously obtain a representation of distance and 

the perpendicularity entity, namely through the altitude of the triangle with its properties, and then perform 

numerical calculations. 

Unfortunately, the organization of concepts in the schema structure by the students has not yielded 

the correct solution. In the process, students have made baseless and unjustified claims where it is different 

from conception. conception is to connect the bond between concepts from initial to goal state (Dossey, 

2017; Simon, 2017). Simon (2017) states that designing a solution is a conception, both of a concept and 
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between various concepts. With the case, the identity of the concept understood by students shows how 

they conceptualize (Yilmaz & Argun, 2017). Dossey (2017) and Nikitina (2006) stated that conceptualization is 

an integrative strategy designed to bring scientific and mathematical thinking beyond a single fact and 

theory to the level of the underlying concept. Furthermore, Rahayu and Alghadari (2019) stated that it also 

simultaneously explained his understanding of the concept along with his thinking ability. In the process of 

solving problems, students conception to connect ties between concepts from the initial to the goal state. 

Concept Integration for Solution 

At the visualization level, the integrated concepts for the solution emerge in two cases. The emergence 

of an entity also corresponds to how students integrate it. Two cases of the emergence of integrated 

concepts and techniques are the findings of this study. In the first case, the concept of rigor is present as a 

reason after the solution is determined. In this case, there is no guarantee that students know why their 

representations are perpendicular to the others and whether the stated solution is truly perpendicular. On 

the other hand, students of course know that the solution to the problem must fit the definition that distance 

involves the concept of straightness. This is an example that sometimes student knowledge is only based on 

definitions that are the initial source and then develop to lead to the right meaning and direction (Herbst et 

al., 2017; Rahayu & Alghadari, 2019). Furthermore, students' knowledge of geometry is sometimes influenced 

by their attention to the perceptual display of images that are not certain of their nature. In the citation of 

the study by Hwang et al. (2009) stated that most children used visual perception to intuitively compare the 

objects. Whereas the second case is the concept of discipline present as the main concern for making 

solutions. The concept of discipline is not only contained in the settlement but also mentioned in its 

interpretation. The representations made by students definitively fulfill their function as solutions and do not 

conflict with the initial and goal states. It seems that the student conceptualizing the solution through this 

second case did not shift their focus to objects of thought other than the lines and planes mentioned in the 

given information. Conceptually, the focus of students in the second case is less than the first case. However, 

both the solutions made by students through the thought process for the first and second cases, the product 

of thought is not a class of shape because their attention is not greater on that. Class of shape becomes a 

product of thought when students state that two diagonal of the plane in a cube are perpendicular to each 

other as the reason for the solution.  

The existence of these two techniques is due to the opportunity for students to find the same distance 

from different thinking processes. The concept is integrated with different ways and stages (Fauskanger & 

Bjuland, 2018). Students produce these conceptual tools for constructing, writing, and explaining 

mathematically significant systems (Biccard, 2018; Dossey, 2017; Lesh & Harel, 2003). Guarino et al. (2004) 

state that people who solve problems have the same goals but each does something to achieve that goal, 

but because they do not work together it is appropriate that there are different thinking patterns in the 

conceptualization process. Furthermore, each person has different expertise and understanding when solving 

the same problem (Alghadari et al., 2019; Biccard, 2018), due to the work environment, the cases they 

experience, and the knowledge they build (Hwang et al., 2012), formal and informal knowledge, heuristics, 

control and belief systems (Dossey, 2017). Each student with his thinking ability creates a diverse design 

because it suits the needs of the completion process (Biccard, 2018). There are different patterns of thinking 

to solve the same problem because of conception differences (Yilmaz & Argun, 2017). Therefore knowledge 

and conception affect students' ability to solve geometry problems (Fauskanger & Bjuland, 2018; Minarti et 

al., 2018; Yee, 2017). In addition, there are also factors of the problem itself that can lead students to think in 

different ways so that the approach to solving them is not unique. 

At the analysis level, their first answer can be justified but there are problems in other details. It is clear 

that the other details mentioned by students have nothing to do with the concept of distance and two 

parallel lines. Their overall answers should be relevant to the problem being solved. In this case, based on 
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students' interpretation that they only integrated a part of the concept when they conceptualized problem 

solving. The concept is integrated partially and not simultaneously. The fact is that there are concepts that 

are not always involved in conceptualizing a solution, namely a distance and two parallel lines. 

Conceptualization is the process of designing to produce concepts in which the application addresses all that 

is needed (Guarino et al., 2004). Synthesizing ideas is the best way to learn mathematics that is approved by 

experts (Duru, 2010). When one element is not integrated in the conceptualization process, the solution of 

the problem is doubtful (Van de Walle et al., 2017). This case is no different from the study findings of 

Alghadari and Herman (2018) that students who do not correctly solve geometry problems due to the way 

they combine between concepts so that it affects the completion procedure. On the other hand, there is a 

quote which states that high school students have great difficulty in communicating the nature of three-

dimensional objects that are represented in a two-dimensional format (Herbst et al., 2017; Rahayu & 

Alghadari, 2019). The nature of three-dimensional objects is an example of the property of shape and also 

the product of thought at the level of analysis (Van de Walle et al., 2017). 

On the problem of geometry level abstraction, one stage was successfully carried out. The three 

students have also tried to implement the conceptual design for another stage, there is a concept that was 

integrated into the design experiment, but they have not been successful in implementing it because there 

are classes and properties of shapes based only on claims. The claim from students is a case that is not in the 

sense of conception because their perception does not involve concepts as the basic reason for interpreting 

(Rosilawati & Alghadari, 2018). Students' interpretations of claims do not describe reasons based on rigorous 

geometry analysis. In the limas geometry element, there are two kinds of claims made by students, namely 

claims for the class of shapes made by two students and claims for property of shape made by one student 

to another. The class of shape of a geometry object appears not based on the analysis of the deduction of 

the properties of shape and its relationship, so we find that the case is a claim that they made (Herbst et al., 

2017). While the property of shape appears as a claim because there is an analysis of properties that is 

skipped by students in the conceptual design stages of problem solving.  

The emergence of a claim is the case that the epistemology of the concept of geometry becomes an 

obstacle for students to solve geometry problems at the level of abstraction. According to the study of 

Rosilawati and Alghadari (2018), there are epistemological obstacles because students do not identify facts 

and concepts as a whole. Then, each process after the claim, the three students always involve the 

Pythagorean theorem in their calculations. The integration of the theorem becomes one fixed direction to 

solve geometry problems when it involves numerical calculation. The application of the Pythagorean theorem 

becomes an essential element in the performance of computational geometry. On the other hand, students 

have not successfully completed the stages of their design because there is a mistake in using the given 

information. Besides transcribing information from the question, Veloo et al. (2015) have stated that the 

mistakes most often made by students are due to conceptualization error. These cases occur specifically 

based on conceptual design with the formation of three parallel stages for one next stage. 

Students Inconsistency and Its Implication 

This study found that there are stages in students' conceptual designs that lead them to the problem 

of the problem. The new problem that arises because there is an analysis of properties of geometry has been 

skipped and the consequence is to add to the direction of the investigation branch. Cases that occur when 

students discover new problems in their conceptual design are students making claims on objects of thought 

that are analyzed when they should find a relationship between properties. Students have filled it by 

assuming and directing their claims for a coherent relationship between properties and the application of the 

Pythagorean theorem. Xin (2008) states that procedural knowledge involves organizing conceptual 

knowledge into an action plan. In other words, design and conceptual knowledge have led students towards 

this procedural knowledge (Fauskanger & Bjuland, 2018). This calculation technique is relatively often used 
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by students in high school because according to Alghadari and Herman (2018) study that the Pythagorean 

theorem is a geometry concept that is essential for them. However, it should be noted that computation is 

not modalities of pure abstractive operations and are a lower level of mathematical ability than abstracting 

(Van de Walle et al., 2017; Yilmaz & Argun, 2017). 

The assumption is an indication that students' conceptual knowledge is not strong (Duru, 2010; Minarti 

et al., 2018), because conceptual knowledge is achieved by the construction of relations between pieces of 

information (Xin, 2008). The depth of students' knowledge requires the basic knowledge they have (Alghadari 

et al., 2020; Fauskanger & Bjuland, 2018; Simon, 2017), because conceptualization provides power for 

integrative work (Dossey, 2017; Nikitina, 2006). An inconsistent performance like this is the impact of 

students' analysis techniques on geometry objects. The analysis technique is based on the object-oriented 

approach because visual objects have taken the most focus of student attention in the conceptualization of 

the solution. In fact, in the case of students designing concepts to solve analytical level geometry problems. 

In his analysis, students did not elaborate in detail the properties and the relationship between them, and the 

error was started using the properties from given information. There is a similarity in the problem of 

students' experience solving problems between the findings of this study and the study by Haryanti (2018), 

which is the result of them paying less attention to notation. In addition, this consistency problem is also the 

same as the findings of the study by Marfuah et al. (2016), which is due to abstraction in which the 

conceptual design that students make in this study has not yet reached the stage of abstracting. This is a 

resource about students' conceptual and procedural choices to be facilitated in mathematics classrooms 

(Biccard, 2018), which provides useful input according to students' cognitive challenges and coherent 

strategies for designing teaching and learning activities that help students to be more competent in 

mathematics (Veloo et al., 2015). Therefore, there are recommendations listed in Al-shehri et al. (2011) that 

the level of learning must include the level of integration in the education strategy so that students 

summarize what is learned to form a comprehensive and deductive picture. 

 

CONCLUSION 

Cases are found in the conceptual design of problem solving. First, there are differences in conceptual 

design techniques. There are two design techniques, namely the coherent entity present as the reason after 

the solution exists or the main concern for making a solution. The difference in technique is because there is 

an opportunity for students to integrate concepts in different techniques and students' thinking processes. 

Second, there is the concept of the problem which is not always involved in the design. The reason is that 

students conceptualize the initial state, problem, and goal state separately and do not see the problem space 

as a whole. In addition, the object image has taken most of the focus of student attention so that the analysis 

technique is based on the object-oriented approach. Third, there are stages of performance that lead 

students to the problem of the problem. The new problem must be based on rigorous geometry analysis so 

that the class of shape is deducted based on the properties of shape and its relationship. However, the 

property of shape appears as a claim because there is an analysis of properties that is skipped over and 

students make claims on objects of thought when they should find a relationship between properties. Then, 

students direct their claims for a coherent relationship between properties and the application of the 

Pythagorean theorem. Even in any scope, the claim is worth questioning. Numerical computing becomes an 

essential side of geometry analysis while computation is not modalities of pure abstractive operations. 

Arranging concepts in the structure of student design schemes does not always come up with the right 

solution. Inconsistent performance is the impact of students' analysis techniques on object geometry. The 

study results concluded that the performance of students' geometry analysis was consistent with the concept 

of epistemological problems. In an educational context, this conclusion points to the importance of 



Alghadari et al. 

 

38 

understanding the epistemology of concepts, the skill of integrating concepts or information more 

effectively, and developing abstract thinking abilities. 
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